tovaLeoucarton MATHEMATICS

Result Oriented (NCERT SOLUTION) [ CLASS XII ]

CH1 - RELATIONS AND FUNCITONS

Excercise 1.1
Question 1. Determine whether each of the following relations are reflexive,
symmetric and transitive: (i)Relation R in the set A = {1, 2, 3...13, 14} defined
as R ={(x,y): 3x —y = 0} (ii) Relation R in the set N of natural numbers defined
as R={(x,y):y=x+ 5 and x < 4} (iii) Relation Rin thesetA={1, 2, 3, 4, 5, 6}
as R = {(x, y): y is divisible by x} (iv) Relation R in the set Z of all integers defined
as R={(x,y): x — yis as integer} (v) Relation R in the set A of human beings in a
town at a particular time given by (a) R = {(%, y): x and y work at the same
place} (b) R ={(x,y): xand y live in the same locality} (c) R = {(x, y): x is exactly
7 cm taller than y} (d) R = {(x, y): x is wife of y} (¢) R = {(x, y): x is father of y}
Solution: (i) A=1{1,2,3..13,14}R={(x,y): 3x —y =0} ~“R={(1, 3), (2, 6), (3,
9), (4, 12)} Ris not reflexive since (1, 1), (2, 2) ... (14, 14) € R. Also, R is not
symmetric as (1, 3) €R, but (3, 1) € R. [3(3) — 1 # 0] Also, R is not transitive as
(1,3),(3,9) €R,but (1,9) € R. [3(1) — 9 # 0] Hence, R is neither reflexive, nor
symmetric, nor transitive. (ii)) R={(x,y):y=x+ 5and x < 4} = {(1, 6), (2, 7),
(3,8)} Itis seen that (1, 1) € R. ~.Ris not reflexive. (1, 6) ER But,(6,1) € R. =R is
not symmetric. Now, since there is no pair in R such that (x, y) and (y, z) €R, then
(%, z) cannot belong to R. . R is not transitive. Hence, R is neither reflexive, nor
symmetric, nor transitive. (iii) A = {1, 2, 3,4, 5, 6} R = {(x, y): y is divisible by x}
We know that any number (x) is divisible by itself. (x, x) €R R is reflexive. Now,
(2,4) €R [as 4 is divisible by 2] But, (4, 2) € R. [as 2 is not divisible by 4] R is
not symmetric. Let (X, y), (y, z) € R. Then, y is divisible by x and z is divisible by y.
=~z is divisible by x. = (x, z) €R R is transitive. Hence, R is reflexive and
transitive but not symmetric. (iv) R = {(x, y): x — y is an integer} Now, for every x
€ Z, (x,x) ERas x —x = 0 is an integer. -R is reflexive. Now, for every x,y € Z if (x,
y) € R, then x — y is an integer. = —(x — y) is also an integer. = (y — x) is an
integer. - (y, x) € R ~Ris symmetric. Now, Let (x, y) and (y, z) €R, wherex,y,z €
Z.= (x—y)and (y — z) are integers. > x — z = (x — y) + (y — z) is an integer. -
(x,z) €R ~Ris transitive. Hence, R is reflexive, symmetric, and transitive. (v) (a)
R ={(x, y): x and y work at the same place} (X, x) € R -~ Ris reflexive. If (x,y) €R,
then x and y work at the same place. = y and x work at the same place. = (y, x) €
R. =R is symmetric. Now, let (X, y), (y, z) € R = x and y work at the same place
and y and z work at the same place. = x and z work at the same place. = (x, z)
€R - Ris transitive. Hence, R is reflexive, symmetric, and transitive. (b) R = {(x,
y): x and y live in the same locality} Clearly (x, x) € R as x and x is the same
human being. . R is reflexive. If (%, y) €R, then x and y live in the same locality. =
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y and x live in the same locality. = (y, x) € R ..Ris symmetric. Now, let (x,y) € R
and (y, z) € R. = x and y live in the same locality and y and z live in the same
locality. = x and z live in the same locality. = (x, z) € R - R is transitive. Hence, R
is reflexive, symmetric, and transitive. (c) R = {(x, y): x is exactly 7 cm taller than
y} Now, (%, x) € R Since human being x cannot be taller than himself. -~R is not
reflexive. Now, let (x, y) €ER. = x is exactly 7 cm taller than y. Then, y is not taller
than x. - (y, x) €R Indeed if x is exactly 7 cm taller than y, then y is exactly 7 cm
shorter than x. .R is not symmetric. Now, Let (x,y), (y, z) € R. = x is exactly 7 cm
taller thany and y is exactly 7 cm taller than z. = x is exactly 14 cm taller than z.
~(x,z) €R - Ris not transitive. Hence, R is neither reflexive, nor symmetric, nor
transitive. (d) R = {(x, y): x is the wife of y} Now, (%, x) € R Since x cannot be the
wife of herself. R is not reflexive. Now, let (%, y) € R = x is the wife of y. Clearly y
is not the wife of x. -.(y, X) € R Indeed if x is the wife of y, then y is the husband of
x. -~ R is not symmetric. Let (X, y), (y,z) € R = x is the wife of y and y is the wife of
z. This case is not possible. Also, this does not imply that x is the wife of z. -.(X, z)
& R ~R is not transitive. Hence, R is neither reflexive, nor symmetric, nor
transitive. (e) R = {(x, y): x is the father of y} (%, x) € R As x cannot be the father
of himself. R is not reflexive. Now, let (x, y) €R. = x is the father of y. = y cannot
be the father of y. Indeed, y is the son or the daughter of y. ~.(y, x) € R . Ris not
symmetric. Now, let (x,y) € Rand (y, z) € R. = x is the father of y and y is the
father of z. = x is not the father of z. Indeed x is the grandfather of z. . (x,z) € R
~R is not transitive. Hence, R is neither reflexive, nor symmetric, nor transitive.
Question 2. Show that the relation R in the set R of real numbers, defined as R =
{(a, b): a < b 2} is neither reflexive nor symmetric nor transitive. Solution : R =
{(a,b):a< b2}, Relation R is defined as the set of real numbers. It can be

(l, l) € R Since— = (i)z .

observed that'\2 2 ' 2 \2 4R is not reflexive. Now, (1,4) ERas 1
< 4 2But, 4 isnotlessthan 1 2. .(4,1) € R ~Ris not symmetric. Now, (3, 2), (2,
15)€eR(as3<22=4and2<(1.5)2=2.25)But, 3> (1.5)2=2.25~(3,15) ¢
R . Ris not transitive. Hence, R is neither reflexive, nor symmetric, nor transitive.
Question 3. Check whether the relation R defined in the set {1, 2, 3,4, 5,6} asR =
{(a, b): b = a + 1} is reflexive, symmetric or transitive. Solution : Let A = {1, 2, 3,
4,5, 6}. Arelation R is defined onset Aas: R={(a,b):b=a+ 1} ~R={(1, 2), (2,
3),(3,4),(4,5), (5 6)} We can find (a, a) € R, where a € A. For instance, (1, 1),
(2,2),(3,3),(4,4),(5,5), (6,6) € R ~Ris notreflexive. It can be observed that
(1,2) eR,but (2,1) €R. ~Ris not symmetric. Now, (1, 2), (2,3) € RBut, (1, 3) &
R ~.R is not transitive Hence, R is neither reflexive, nor symmetric, nor transitive.
Question 4. Show that the relation R in R defined as R = {(a, b): a < b}, is
reflexive and transitive but not symmetric. Solution : R = {(a, b); a < b} Clearly
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(a,a) € Rasa =a. ~Risreflexive. Now, (2,4) ER (as2<4) But, (4,2) € Ras4is
greater than 2. . R is not symmetric. Now, let (a, b), (b,c) € R. Then, a<bandb
<c=>a<c= (a c) €R~Ristransitive. Hence,R is reflexive and transitive but
not symmetric.

Question 5. Check whether the relation R in R definedas R ={(a,b):a<b3}is
reflexive, symmetric or transitive. Solution :

It is observed that l lli.,.—_ R as 1 - | _|~'| : i
32 27\2) 8
= Ris not reflexive.

MNow,
(1,2)eR{as1=27=8)
But,

(2 1)eR{as2>1"=1)
< Ris not symmetric,

'3 6

L 2" 5]

i, &=

We have| 3, _: | eRas i and -

Pk | Fard

L

[ 6l &
Bul|3, —|gRas3>|—
Y :‘ i

L=

s R s not transitive

Hence, R is neither reflexive, nor symmetric, nor fransitive

Question 6. Show that the relation R in the set {1, 2, 3} given by R = {(1, 2), (2,
1)} is symmetric but neither reflexive nor transitive.

Solution : Let A = {1, 2, 3}. Arelation R on Ais defined as R = {(1, 2), (2, 1)}. Itis
seen that (1, 1), (2, 2), (3, 3) €R. ~ Ris not reflexive. Now, as (1,2) € Rand (2, 1)
€ R, then R is symmetric. Now, (1, 2) and (2, 1) € RHowever, (1,1) € R~ Risnot
transitive. Hence, R is symmetric but neither reflexive nor transitive.

Question 7. Show that the relation R in the set A of all the books in a library of a
college, given by R = {(x, y): x and y have same number of pages} is an
equivalence relation. Solution : Set A is the set of all books in the library of a
college. R = {x, y): x and y have the same number of pages} Now, R is reflexive
since (X, x) € R as x and x has the same number of pages. Let (x,y) ER=>xandy
have the same number of pages. = y and x have the same number of pages. = (y,
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x) € R ~Ris symmetric. Now, let (x, y) ER and (y, z) € R. = x and y and have the
same number of pages and y and z have the same number of pages. = x and z
have the same number of pages. = (x, z) € R .R is transitive. Hence, R is an
equivalence relation.

Question 8. Show that the relation Rin the set A ={1, 2, 3, 4, 5} given by R =
{(a,b) : |a-b| is even} is an equivalence relation. Show that all the elements of {1,
3, 5} are related to each other and all the elements of {2, 4} are related to each
other. But no element of {1, 3, 5} is related to any element of {2, 4}.

Solution: A ={1, 2, 3,4,5}and R={(a,b) : |a-b| is even}, then R = {(1, 3), (1, 5),
(3,5), (2,4)} Itis clear that for any element a € A, we have|a-a| = 0 (which is
even). .R is reflexive. Let (a,b) € R. => |a-b| is even = |-(a-b) | = |b-a] is also
even =(b,a) € R ~Ris symmetric. Now, let (a,b) ) € Rand (b, ¢) € R. => |a-b| is
even and |b -c| iseven => (a-b)isevenand (b-c)iseven=> (a-c)=(a-b) +
(b-c)iseven [Sum of two even integer is even] => |a- c|is even R is
transitive. Hence, R is an equivalence relation. Now, all elements of the set {1, 3,
5} are related to each other as all the elements of this subset are odd. Thus, the
modulus of the difference between any two elements will be even. Similarly, all
elements of the set {2, 4} are related to each other as all the elements of this
subset are even. Also, no element of the subset {1, 3, 5} can be related to any
element of {2, 4} as all elements of {1, 3, 5} are odd and all elements of {2, 4} are
even. Thus, the modulus of the difference between the two elements (from each
of these two subsets) will not be even.

Question 9. Show that each of the relation RinthesetA={x€ Z: 0 < x< 12}
,given by: (i) R = { (a,b) : |a - b] is a multiple of 4} (ii) R ={ (a,b) : a=Db}isan
equivalence relation. Find the set of all elements related to 1 in each

case. Solution: (a) A={xinZ:0<=<=12}={0,1,2,3,4,5,6,7,89,10,11,12} R =
{(a,b):|a-b| is a multiple of 4} For any elementa € A, we have (a,a) ERas|a- 3|
= 0 is a multiple of 4. ..R is reflexive. Now, let (a, b) € R = |a- b| is a multiple of 4.
=> |-(a-b)|=|b -a| is a multiple of 4 = (b, a ) € R ~.R is symmetric. Now, let (a,b),
(b,c) € R.=> |a-b|is multiple of 4 and |b - c| is a multiple of 4 => (a-b) isa
multiple of 4 and (b-c) is a multiple of 4 => (a-c) = (a-b) + (b - ¢) is a multiple
of 4 => (a,c)€ R. - Ris transitive. Hence, R is an equivalence relation. The set of
elements related to 1 is {1, 5,9} since |1 - 1| = Oisamultipleof4 |5-1| = 4isa
multiple of 4 |9 - 1| = 8 is a multiple of 4 (b) R = {(a,b): a = b} For any element
a € A, we have (a,a) €R, since a = a. ~Ris reflexive. Now, let (a,b ) € Rand (b, ¢)
ER.®a=bandb=c=a=c= (ac) €R. .. Ris transitive. Hence, R is an
equivalence relation. The elements in R that are related to 1 will be those
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elements from set A which are equal to 1. Hence, the set of elements related to 1

is {1}.

Question 10. Given an example of a relation. Which is (i) Symmetric but neither
reflexive nor transitive. (ii) Transitive but neither reflexive nor symmetric. (iii)
Reflexive and symmetric but not transitive. (iv) Reflexive and transitive but not
symmetric. (v) Symmetric and transitive but not reflexive. Solution : (i) Let A =
{5, 6, 7}. Define arelation R on A as R={(5, 6), (6, 5)}. Relation R is not reflexive
as (5,5),(6,6),(7,7) € R.Now, as (5,6) € Rand also (6, 5) € R, R is symmetric.
= (5,6), (6,5) €R, but (5,5) € R ~Ris not transitive. Hence, relation R is
symmetric but not reflexive or transitive. (ii)Consider a relation R in R defined
as: R={(a, b): a<b} Forany a € R, we have (a, a) € R since a cannot be strictly
less than a itself. In fact, a = a. -~ R is not reflexive. Now, (1, 2) €R (as 1 < 2) But,
2 isnotlessthan 1. (2,1) € R . Ris not symmetric. Now, let (a, b), (b,c) ER. =
a<bandb<c=a<c= (a c) €R.Ristransitive. Hence, relation R is
transitive but not reflexive and symmetric. (iii)Let A = {4, 6, 8}. Define a relation
RonAas:A={(4,4),(6,6),(8,8),(4,6),(6,4),(6,8),(8,6)}Relation Ris
reflexive since for every a € A, (a, a) ERi.e, (4,4), (6, 6), (8,8)} € R. Relation R is
symmetric since (a, b) € R = (b, a) € Rfor all a, b € R. Relation R is not transitive
since (4, 6), (6, 8) €R, but (4, 8) € R. Hence, relation R is reflexive and symmetric
but not transitive. (iv) Define a relation Rin R as: R={a, b): a3>Db 3} Clearly (a,
a) ERasa3=a3. ~Risreflexive. Now, (2,1) ER (as 23> 13) But, (1,2) € R (as
13<23) .~ Ris not symmetric. Now, Let (a, b), (b,c) ER.=a3>b3andb3>
c3=>a3>c3= (a,c) € R ~Ris transitive. Hence, relation R is reflexive and
transitive but not symmetric. (v) Let A = {—5, —6}. Define a relation R on A as: R
= {(=5, —6), (—6, —5), (=5, —5)} Relation R is not reflexive as (—6, —6) € R.
Relation R is symmetric as (—5, —6) € R and (—6, —5}€R. It is seen that (-5,
—6), (—6, —5) € R. Also, (=5, —5) € R. .The relation R is transitive. Hence,
relation R is symmetric and transitive but not reflexive.

Question 11. Show that the relation R in the set A of points in a plane given by R
= {(P, Q): distance of the point P from the origin is same as the distance of the
point Q from the origin}, is an equivalence relation. Further, show that the set of
all point related to a point P # (0, 0) is the circle passing through P with origin as
centre. Solution : R = {(P, Q): distance of point P from the origin is the same as
the distance of point Q from the origin} Clearly, (P, P) € R since the distance of
point P from the origin is always the same as the distance of the same point P
from the origin. R is reflexive. Now, Let (P, Q) € R. = The distance of point P
from the origin is the same as the distance of point Q from the origin. = The

Call :- + 91 9953771000 @ 1/354, SADAR BAZAR, DELHI,CANTT - 110010




tovaLeoucarton MATHEMATICS

Result Oriented (NCERT SOLUTION) [ CLASS XII ]

distance of point Q from the origin is the same as the distance of point P from the
origin. = (Q, P) € R .R is symmetric. Now, Let (P, Q), (Q, S) € R. = The distance of
points P and Q from the origin is the same and also, the distance of points Q and

S from the origin is the same. = The distance of points P and S from the origin is
the same. = (P, S) € R ..R is transitive. Therefore, R is an equivalence relation.
The set of all points related to P # (0, 0) will be those points whose distance
from the origin is the same as the distance of point P from the origin. In other
words, if O (0, 0) is the origin and OP = k, then the set of all points related to P is
at a distance of k from the origin. Hence, this set of points forms a circle with the
centre as the origin and this circle passes through point P.

Question 12. Show that the relation R defined in the set A of all triangles as R =
{(T1,T2):T1issimilar to T 2}, is equivalence relation. Consider three right
angle triangles T 1 with sides 3, 4, 5, T 2with sides 5, 12, 13 and T 3 with sides 6, 8,
10. Which triangles among T 1, T 2and T s are related? Solution: R = {(T 1, T 2):

T 1is similar to T 2} R is reflexive since every triangle is similar to itself. Further,
if (T1,T2) €R,thenT1issimilarto T 2. =T zissimilartoT1.= (T2, T1) ER R
is symmetric. Now, Let (T 1,T2),(T2,T3s) ER.=> Tiissimilarto T2and T z1is
similarto T 3. = T 1is similarto T3.= (T 1, T 3) € R .~ Ris transitive. Thus, R is
an equivalence relation. Now, we can observe that: Therefore, 3/6 =4/8 = (5/10
= 1/2) ~.The corresponding sides of triangles T 1and T 3 are in the same ratio.
Then, triangle T 1is similar to triangle T 3. Hence, T 1is related to T 3.

Question 13. Show that the relation R defined in the set A of all polygons as R =
{(P1,P2):Piand P 2have same number of sides}, is an equivalence relation.
What is the set of all elements in A related to the right angle triangle T with sides
3,4 and 5? Solution : R = {(P 1, P2): P 1and P 2 have same the number of sides} R
is reflexive since (P 1, P 1) € R as the same polygon has the same number of sides
with itself. Let (P 1, P2) € R.= P 1and P 2 have the same number of sides. =

P 2and P 1 have the same number of sides. = (P 2, P 1) € R ..R is symmetric. Now,
Let(P1,P2),(P2,P3)€R = Piand P zhave the same number of sides. Also,

P 2and P 3 have the same number of sides. = P 1and P 3 have the same number of
sides.= (P 1, P 3) € R =R is transitive. Hence, R is an equivalence relation. The
elements in A related to the right-angled triangle (T) with sides 3, 4, and 5 are
those polygons which have 3 sides (since T is a polygon with 3 sides). Hence, the
set of all elements in A related to triangle T is the set of all triangles.

Question 14. Let L be the set of all lines in XY plane and R be the relation in L
defined as R = {(L 1, L 2): L 1is parallel to L 2 }. Show that R is an equivalence
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relation. Find the set of all lines related to the line y = 2x + 4.

Solution: R = {(L 1, L 2): L 1is parallel to L 2 } R is reflexive as any line L 1 is
parallel to itselfi.e,, (L1,L1) € R.Now, Let (L1,L2) ER. = Liis paralleltoL2.=
LzisparalleltoL:.= (L2,L1) € R~ Rissymmetric. Now, Let (L1,L2), (L2,L3)
€R. = L 1is parallel to L 2. Also, L zis parallel to L 3. = L 1is parallel to L 3. --R is
transitive. Hence, R is an equivalence relation. The set of all lines related to the
line y = 2x + 4 is the set of all lines that are parallel to the line y = 2x + 4. Slope
ofliney = 2x + 4 is m = 2 [t is known that parallel lines have the same slopes.
The line parallel to the given line is of the form y = 2x + ¢, where c €R. Hence, the
set of all lines related to the given line is given by y = 2x + ¢, where c € R.

Question 15. Let R be the relation in the set {1, 2, 3, 4} given by R = {(1, 2), (2, 2),
(1,1),(4,4), (1, 3),(3, 3), (3, 2)}. Choose the correct answer. (A) R is reflexive
and symmetric but not transitive. (B) R is reflexive and transitive but not
symmetric. (C) R is symmetric and transitive but not reflexive. (D) R is an
equivalence relation. Solution : R = {(1, 2), (2, 2), (1, 1), (4,4), (1, 3), (3, 3), (3,
2)} Itis seen that (a, a) € R, for every a €{1, 2, 3, 4}. -~ Ris reflexive. It is seen that
(1,2) eR,but (2, 1) € R. ~Ris not symmetric. Also, it is observed that (a, b), (b,
c)ER=(a,c)eRforalla b,c€e{l,?2 3,4} - Ris transitive. Hence, R is reflexive
and transitive but not symmetric. The correct answer is B.

Question 16. Let R be the relation in the set N givenby R={(a,b):a=b—-2,b >
6}. Choose the correct answer. (A) (2,4) € R(B) (3,8) €eR (C) (6,8) eER (D) (8,7)
€R

Solution: R={(a,b):a=b —2,b> 6} Now, sinceb > 6, (2,4) € R Also,as 3 # 8
—2,(3,8)¢RAnd,as8# 7 — 2 (8, 7) € R Now, consider (6, 8). We have 8 > 6
and also, 6 =8 — 2. (6, 8) € R The correct answer is C.

Exercise 1.2

Question 1. Show that the function f: R «— R ~defined by f(x) = 1/x is one-one
and onto, where : R *is the set of all non-zero real numbers. Is the result true, if
the domain : R +is replaced by N with co-domain being same as R «? Solution :
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It is given that £ R+ — R- is defined byf( ):l
X

One-one;

S(x)=1(»)
|

l -
X
X=

= V

~fis one-one.

Onto:

1 o
Itis clear that for ye R+, there exists x = — € R, (Exists as y # 0) such that
"'

~fis onto.
Thus, the given function (f) is one-one and onto.

Now, consider function g: N — R-defined by
1
(x)=—.
8(x)=~
We have,

g(n)=g(x)=—=—=x=x

I
~.g is one-one.

Further, it is clear that g is not onto as for 1.2 €R- there does not exit any x in N such that g(x) —L

1.2

Hence, function gis one-one but not onto.

Question 2. Check the injectivity and surjectivity of the following functions: (i) f:
N = N given by f(x) = x 2 (ii) f: Z - Z given by f(x) = x 2 (iii) f: R = R given by f(x)
=x2(iv) f: N = N given by f(x) = x 3 (v) f: Z - Z given by f(x) = x 3 Solution : (i) f:
N — N is given by, f(x) = x 2Itis seen that for x,y €N, f(x) =f(y) @ x2=y?2=>x =
y. ~f is injective. Now, 2 € N. But, there does not exist any x in N such that f(x) =
x 2= 2.~ fis not surjective. Hence, function f is injective but not surjective. (ii) f:
Z — Zis given by, f(x) = x2Itis seen that f(—1) =f(1) =1, but —1 # 1. -~ fis not
injective. Now,—2 € Z. But, there does not exist any element x €Z such that f(x) =
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x 2= —2. =~ fis not surjective. Hence, function f is neither injective nor surjective.
(iii) f: R > Ris given by, f(x) = x2Itisseen that f(—1) =f(1) =1, but—-1# 1. ~ f
is not injective. Now,—2 € R. But, there does not exist any element x € R such that
f(x) =x 2= —2. ~ fis not surjective. Hence, function f is neither injective nor
surjective. (iv) f: N = N given by, f(x) = x 31t is seen that for x, y €N, f(x) = f(y) =
x3=y3= x =y. ~fisinjective. Now, 2 € N. But, there does not exist any element
x in domain N such that f(x) = x 3= 2. . f is not surjective Hence, function f is
injective but not surjective. (v) f: Z = Z is given by, f(x) = x 3t is seen that for x, y
€Z f(x) =f(y) ®x3=y3=>x=y. -~ fisinjective. Now, 2 € Z. But, there does not
exist any element x in domain Z such that f(x) = x 3= 2. . fis not surjective.
Hence, function f is injective but not surjective.
Question 3. Prove that the Greatest Integer Function f: R — R given by f(x) = [x],
is neither one-one nor onto, where [x] denotes the greatest integer less than or
equal to x. Solution : f: R = Ris given by, f(x) = [x] [t is seen that f(1.2) = [1.2] =
1,f(1.9) =[19] =1. - f(1.2) =£(1.9), but 1.2 # 1.9. .. fis not one-one. Now,
consider 0.7 € R. It is known that f(x) = [x] is always an integer. Thus, there does
not exist any element x € R such that f(x) = 0.7. .- f is not onto. Hence, the
greatest integer function is neither one-one nor onto.
Question 4. Show that the Modulus Function f: R — R, given by f(x) = |x]| is
neither one-one nor onto, where is |x| if x is positive or 0 and |-x| is -x if xis
negative. Solution :

f. R — Ris given by,
x, ifx20
-x, ifx<0

7()=hi={
Itis seen that £(-1)=|-1|=1, £(1)=[l]|=1.
~f(-1)=R1), but-1 #1.
= fis nol one-one.
Now, consider -1 € R.
Itis known that f(x) = |x| is always non-negative. Thus, there does not exist any element x in domain R such that fx) = |x| = -1.
- fis not onto.
Hence, the modulus function is neither one-one nor onto.
Question 5. Show that the Signum Function /: R = R, given by
1 f 23>0
flz) = { 0 if £ =0
1

if £ <0 jgneither one-one nor onto. Solution : /R -» R
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1 if 2>0

flz) = {U if 2 =0
1 if <0 Jtisseenthatf(1)=f(2)=1,butl# 2. .f is not one-

one. Now, as f(x) ) takes only 3 values (1, 0, or —1) for the element —2 in co-
domain R, there does not exist any x in domain R such that f(x) = —2. .. f is not
onto. Hence, the signum function is neither one-one nor onto.
Question 6. LetA=1{1,2,3},B={4,5,6,7}and letf={(1,4), (2,5),(3,6)} bea
function from A to B. Show that f is one-one. Solution : It is given that A = {1, 2,
3}, B={4,5,6,7}.f: A> Bisdefinedas f={(1,4), (2,5),(3,6)}. ~ f (1) =4,f(2)
=5, f(3) = 6 Itis seen that the images of distinct elements of A under f are
distinct. Hence, function f is one-one.
Question 7. In each of the following cases, state whether the function is one-one,
onto or bijective. Justify your answer. (i) f: R = R defined by f(x) =3 — 4x (ii) f: R
— R defined by f(x) =1 + x 2
Solution :
Question 8. Let A and B be sets. Show that f: A X B — B X A such that (a, b) = (b,
a) is bijective function. Solution :

[.AxB—BxAisdefined as f{a, b) = (b, a).

Let (a1, b1), (a2, b2) € A x B such that f(a1,bi1) = (a2, b2)
= (b1, a1) = (b2, a3)

= by =bs and a; = a9

= (a1,b1) = (a2, by)

. fis one-one.

Now, let (b, a) € B x A be any element.

Then, there exists (a, b) €A x B such that fig, b) = (b, a). [By definition of f]

. fis onto.
2L if nis odd
f(n) = foralln e N
Question 9. Let N = N be defined by f(n) for all 5 if niseven

State whether the function fis bijective. Justify your answer. Solution :
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22 ifnis odd
fin) = foralln e N
3 if niseven

2

|t can be observed that:
141 2
F(1) = % =1and f(2) = 5 =1 By definition of

~f1) = f(2), where 1 £ 2

o fis not one-one,

Consider a natural number (1} in co-domain M.
Case I: n is odd

s = 2r+ 1 for some r & N. Then, there exjsts 4r + 1M such that

4 1 1
_iF[.4T+1}=—T+2+ =2r+1

Case ll: n is even
47

~in = 2r for some r € N. Then there exists 4r €N such that f{4r) = = 2r

= fis onto,

Hence, fis not a biiective function.

Question 10. Let A= R - {3} and B =R - {1}. Consider the functionf: A - B
defined by f(x) = (x-2/x-3) Is f one-one and onto? Justify your answer. Solution
:A=R-{3}and B=R-{1}f: A — Bdefined by f(x) = (x-2/x-3) Letx,y €A
such that f(x) = f(y)

Letx y € A such that f(x) = f(y)
z—2 y-—2

z—-3 y-3
=>(x-2)(y-3)=(y-2(x-3)
=>zy—3z—2y+6=zy—3Yy—2z+6
=> -3z —2y=—3y—2z
=>3x-2x=3y-2y
=> x=y
~ fis one-one.
LletyeB=R~{1}. Then, y = 1.
The function f is onto if there exists x €A such that f{x) = y.

fx)=y
z—2
z—3

= =y
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S>zr—-2=2zy-3y

= z(l—y)=-3y+2
2—-3y

D2 = T eEA [y#1)
.. 2—3y
Thus, for any y € B, there exists p— € A such that
2-3
fe-sm _ () 2_2-%y-2+% -y
1-y (2% T 2-3y-3+3y -1
Yy (W)_g Y y

.. fis onto

Hence, function f is one-one and onto.

Question 11. Let f: R = R be defined as f(x) = x 4. Choose the correct answer. (A)
f is one-one onto (B) fis many-one onto (C) fis one-one but not onto (D) fis
neither one-one nor onto Solution : f: R— R is defined as f(x) = x 4.

Let x,y € R such that f(x) = f(y).

=>x4=y4=>x=1y ~f(x1) =f(x) does notimply that x 1 = x 2 For instance,
f(1) =f(-1) =1 - f is not one-one. Consider an element 2 in co-domain R. It is
clear that there does not exist any x in domain R such that f(x) = 2. ~ f is not
onto. Hence, function f is neither one-one nor onto. The correct answer is D.
Question 12. Let f: R — R be defined as f(x) = 3x. Choose the correct answer. (A) f
is one-one onto (B) fis many-one onto (C) fis one-one but not onto (D) fis
neither one-one nor onto Solution : f: R = R be defined as f(x) = 3x.

Let ,x, y € R such that f(x) = f(y).

= 3x =3y =>x =y -~ fis one - one Also, for any real number (y) in co-domain R,
there exists y/3 in R such that f(y/3) = 3(y/3) =y - fis onto. Hence, function

f is one-one and onto. The correct answer is A.

EXERCISE 1.3
Question 1. Letf: {1, 3,4} = {1, 2,5} and g: {1, 2, 5} = {1, 3} be given by f = {(1,
2),(3,5),(4,1)}and g ={(1, 3), (2, 3), (5, 1)}. Write down gof. Solution :
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The functions £: {1, 3, 4} = {1, 2, 5} and g: {1, 2, 5} = {1, 3} are defined as
f=1{(1.2), (3,5). (4, N} and g = {(1, 3), (2, 3), (5, N}.
gof(1) =g(f(1)) =g(2) =3  [f(1) =2and g(2) = 3]
gof(3) = g(f3) =g(®) =1 [f(3) =5 and g(5) = 1]
gof(4) = g(f(4)) =g(1) =3  [f(4) = 1and g(1) = 3]
. gof ={(1,3),(3,1),(4,3)}

Question 2. Let f,g and h be functions from R to R. Show that: (f + g)oh = foh +
goh (f.g)oh = (foh). (goh)
Solution:

To prove:

(f + gloh = foh + goh

Consider:

((f + g)oh)(=)

= (f+ gi(h(x))

= f(h(2)) + g(h(z))

= (foh)(x) + (goh) (x)

= {(foh) + (goh)} (x)

.. ((f+g)oh) (x) = {(foh) +(goh) } () Vx €R
Hence (f + g)oh = foh + goh

To prove

(f. g)oh = (foh). (goh)

Consider

((£.g)ok)(z)

= (£.9)(h(2))

= f(h(z))- g(h(z))

= (foh)(z). (goh)(z)

= {(foh). (goh)}(z)

= ((f-9)oh)(z) = {(foh).(goh)}(z) V¥xeR
Hence (. g)oh = (foh). (goh)
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Question 3. Find gof and fog, if: (i) f(x) = |x| and g(x) = |5x - 2] (ii) f(x) =
8x 3and g(x) = x /3 Solution :
f(z) = |z| and g(z) = [5z — 2|

. (gof) (x) = g g(f(x)) = g(|x]) = |5]x|-2|

(fog)(z) = f(g(=)) = f(|5z — 2|) = [|5z — 2| =[5z — 2
f(x) = 82> and g(z) = '

- (g0f)(2) = g(f(2)) = 9(82") = (82%)° =22

(fog)(2) = F(g(@)) = £(=*) =8(=?) =8z
4r + 3 2

)" 65-1'"7 3 show that fof (x) = x for all x # 2/3 What is the

f
Question 4. If -
inverse of f?
Solution

It is given that f(z) = %,
dz +3

(o)) = £7) = £(5rq )

_A(EH)+3_ 16z+12+182-12 _ 3z

6(£22) 4 24z+18-24c+16 34

6x—4

2
1'743

=

2
Therefore fof(x) = x for all 2 # 3

=> fof =1

Hence, the given function f is invertible and the inverse of f is itself.

Question 5. State with reason whether following functions have inverse (i) f: {1,
2,3,4} - {10} with f = {(1, 10), (2, 10), (3, 10), (4,10)} (ii) g:{5,6, 7,8} = {1, 2,
3,4} with g = {(5, 4), (6, 3),(7,4), (8,2)} (iii) h: {2, 3, 4,5} = {7,9, 11, 13} with
h={(2,7),(3,9), (4, 11), (5, 13)} Solution : (i) f: {1, 2, 3,4} — {10}defined as: f
= {(1, 10), (2, 10), (3, 10), (4, 10)} From the given definition of f, we can see that
fis a many one function as: f(1) = f(2) = f(3) = f(4) = 10 ~f is not one-one.
Hence, function f does not have an inverse. (ii) g: {5, 6, 7,8} = {1, 2, 3, 4} defined
as: g ={(5,4), (6,3),(7,4), (8, 2)} From the given definition of g, it is seen that g
is a many one function as: g(5) = g(7) = 4. ~.g is not one-one, Hence, function g
does not have an inverse. (iii) h: {2, 3,4, 5} = {7, 9, 11, 13} defined as: h = {(2, 7),
(3,9), (4,11), (5, 13)} It is seen that all distinct elements of the set {2, 3, 4, 5}
have distinct images under h. .Function h is one-one. Also, h is onto since for
every elementy of the set {7, 9, 11, 13}, there exists an element x in the set {2, 3,
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4, 5}such that h(x) =y. Thus, h is a one-one and onto function. Hence, h has an
inverse.

Question 6. Show that f: [-1,1] = R given by f(x) = x/x+2 is one-one. Find the
inverse of the function f: [-1,1] - Range f

Solution:

z
‘f[-1, 1] = Ris gi =

fil ] is given as f(z) e
Let fix) = f(y).
e v

{- 2 yk2

> Xy +2X =Xy + 2y

>2X =2y

=>X=y

-~ fis a one-one function.

It is clear that f: [-1, 1] — Range fis onto.

= f [-1, 1] = Range fis one-one and onto and therefore, the inverse of the function:
f: [-1, 1] = Range f exists.

Let g: Range f — [-1, 1] be the inverse of f.

Let y be an arbitrary element of range f.

Since f: [-1, 1] = Range fis onto, we have:

S T

Y=z+2
=>xy+2y=x
=>x(1-y)= 2y

2
_yy,yaél

»>z=

—_%
9(y) = l_—y’y 71

o=
Now(gof)(a:)=g(f(z))=g(mi2) = 1(_2_+2_:)2- = a:+22x—2: =2% =z
2
(Fog)s) = fto) = (125 ) = o — = =y

(1_%)+2 2y+2—2y

gof = I—l,l and fog = IRangef
~nfl=g
= f_l(y) aJ #1
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Question 7. Consider f: R— R given by f(x) = 4x + 3 Show that fis invertible.
Find the inverse of f.

Solution :
f R — Ris given by,

flx) = dx + 3

One-one:

Let f = f{y).

=>4+ 3=4y+3

== dyx = 4y

=>X=Yy

~ fis a one-one function,
Onto:

ForyeR lety=4x+ 3,

-3
=2___ R
= 1 =

-3
Therefore, for any y € R, there exists z = yT € R such that

f{ﬂ’}=f(y%3) :4(5'%3) +3=y

~ fis onto.

Thus, fis one-one and onto and therefore, £ exists.

Let us define g: R~ R by g(z) = y%i]
Now, (gof)(z) = g(f(z)) = g4z +3) = w e
(o) = fta) = 1(152) =4 (252) +3=y—3+3=y

. gof = fog=Ig

Hence, f is invertible and the inverse of fis given by

Question 8. Consider £: R +— [4, ©) given by f( x) = x2+ 4 Show that fis
invertible with the inverse -1 of f given by -1 (y) =y -4 where R +is the set
of all non-negative real numbers.

Solution:
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f Ry — [4, ) is given as f{x) = x° + 4.
One-one:
Let f(x) = fy).
>22+4= y2 +4
>zl =9y
=>x=y [ssz=y€ R

~ fis a one-one function.

Onto:

Fory €[4, ), lety =2 + 4.

=>z9‘=y—420 [asy > 4]

ST = \/yT-'l >0

Therefore, for any y € R, there exists £ = \/m € R such that
f@ = £(Vi=4) = (Vi=14) +4=y—1+1=y

= fis onto.

Thus, fis one-one and onto and therefore, f~! exists.

Let us define g: [4, =) — R, by,
9y) =Vy-1
Now, gof(z) = g(f(z)) = g(2®+4) = /(z2+4) 4= V22 =z

And fog(y) = fla®) = F(v5=1) = (VI=1) +4=(y-49) +4=y

. gof = fog=Ipy

Hence, fis invertible and the inverse of fis given by

fl=gx)=Vy—4
Question 9. Consider f: R + = [—5, o) given by f( x) =9 x2+ 6 x— 5. Show
Vy+6—1 )

iy = ( 3
that fis invertible with

Solution :
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f Ry — [=5, o) is given as f{x) = 9 + 6x — 5.
Let y be an arbitrary element of [-5, 2).
Let y = 9 + 6x — 5.
—y=0Bz+1)°-1 -5=(3z+1)"—6
= (3z+1)> =y+6
=3z+1=+/y+6 [asy > 5=y+6>0]

Vy+6—-1

=r= 5

~fis onto, thereby range f = [-5, o).

Let us define g: [-5, ) — R4 as gy) = %ﬁ_l
We now have:
(gof)(=) = g(f(z)) = g(92* + 6z — 5)
- g((am +1)2— 5)

\/{3$+1}2—ﬁ+ﬁ_ 1
- 3

Jz+1—-1
N

3
6—1

And (fog)(3) = Fg(y)) = f(—”g)

- [3(—‘“’3'26_1) -i—lr—ﬁ
- (m)ﬂ—ﬁ:y+6—ﬁ:y

c.gof =Igr and fog =I5

Hence, f is invertible and the inverse of f is given by

) =gl = Y2
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Question 10. Let f: X —» Y be an invertible function. Show that f has unique
inverse. (Hint: suppose g 1and g zare two inverses of f. Then for all y € Y, fog 1 (y)
= [Y(y) = fog 2 (y). Use one-one ness of f).

Solution :

Let £ X — Y be an invertible function.

Also, suppose f has two inverses (say gy and ga),,

Then, for all y €Y, we have:

fogi(y) = Iy(y) = foga(y)

= fla:1(y)) = f(g2(%)) [f is invertible => f is one-one]
= g1=¢2 [gisone-one]

Hence, f has a unique inverse.

Question 11. Consider f: {1, 2, 3} = {a, b, c} given by f(1) = a, f(2) =b and f(3) =
c. Find f -1and show that (f D-1=f,

Solution:

fM=af(2) =b andf(3)=c

If we define g: {a, b, ¢} — {1, 2, 3} as g(a) = 1, g(b) = 2, g(c) = 3, then we have:
(fog)(a) = f(g(@)) = f(1) = a

(fog)(b) = f(g(b)) = f(2) = b

(fog) (c) = f(g(c)) = f3) = c

And

(gof)(1) = g(f(1)) = g(a) = 1

(gof)(2) = g(f(2)) = g(b) = 2

(gof)(3) = g(f(3)) = g(c) = 3

.. gof = Ixand fog=Iy

where X = {1, 2, 3} and Y= {a, b, ¢}.
Thus, the inverse of f exists and {1 = g.
~f1:{a, b, ¢} = {1, 2, 3} is given by,

fFlla=1f1b)=2f =3
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If we define h: {1, 2, 3} — {a, b, ¢} as
h(1) = a, h(2) = b, h(3) = ¢, then we have
(goh) (1) = g(h(1)) = g(a) = 1
(goh)(2) = g(h(2)) = g(b) = 2
(goh)(3) = g(h(3)) = g(c) = 3
And
(hog)(a) = h(g(a)) = h(1) =a
(hog)(b) = h(g(b)) = h(2) = b
(hog)(c) = h(g(c)) = h(3) = c
.. goh = Iy and hog = Iy
where X = {1,2,3}and Y = {a, b, ¢}.

Thus, the inverse of g existsand g1 =h = (f1)"1 = h.

It can be noted that h = f.

Hence, (fF )™ 1=f.

Question 12. Let f: X - Y be an invertible function. Show that the inverse of f—1
isf,ie, (f1)1=f,

Solution : Let f: X = Y be an invertible function. Then, there exists a function g: Y
— X such that gof = IXand fog = IY. Here, f -1 = g. Now, gof = IX and fog = 1Y =

f-1of = IX and fof -1 = 1Y Hence, f -1: Y — X is invertible and f is the inverse of
f-1ie., (f—=1) 1=f.

Question 13, 'f£- R — Rbe given by f(z) = (3 — 2%)*, then fof(x is

(A)1/x3 (B) x3 €) x (D) B —x3)
Solution
'f: R = Ris given as 'f(x) = (3 - x*3)*(1/3)

f@)=(8 - :1:3)%

. fof(@) = f(5(=)) = F((3- %) = [3 ~ (- zs)%)’]?
=B-(3-2F = () =2
. fof(x) = x

The correct answer is C.
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Question 14.

let f: R — {—%} —+ It be a function defined as f{x) = dx

dz 44

. The inverse of f is map g Range f — i — {—%}

Wl =5,

B9l = 13
©9) = 3 4”45[
@ 9ly) = 5 3_y3y
Solution:
.. 4 . 4z
tisgiventhat f: R — {_5} — Ris defined as f(z) = ——3

Let y be an arbitrary element of Range f.

4
Then, there exists x € R — {—5 } such that y = f(z)

I 4x

¥= 3z + 4

4 4y
=>3xy + 4y = 4x Let us define g: Range f — R — -3 9(y) = -3y
=> X(4 - 3y) = 4y
4z
Now (gof)(@) = 9(f(@)) = o( 5o
y
= E=qC 3y
(dza)  _ 16x _16x

=4—3(‘ﬁ) T 12x+16-12z 16

And (fog)(y) = f(9(¥)) = f ( 4 iy3y)

— 4({%@) = 16y =16y=
3(%;)+4 12y+16— 12y~ 16

. gof = IR_(_.;) and fog = 1_"Range f"

. oY

Thus, g is the inverse of fi.e, f1 = g.

Hence, the inverse of fis the map 'g: Range f -> R - {-4/3} which is given by The correct answer is B.
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EXERCISE 1.4

Question 1. Determine whether or not each of the definition of given below gives
a binary operation. In the event that * is not a binary operation, give justification
for this. (i) On Z +, define *bya*b =a — b (ii) On Z *+, define * by a * b = ab (iii)
On R, define*bya*b =ab2(iv) OnZ +, define *bya*b=]a—b| (v) OnZ+,
define *by a *b = a.

Solution: (i) On Z +, * is defined by a * b = a — b. [t is not a binary operation as
the image of (1, 2) under *is1*2=1—-2=—-1¢&7Z *.(ii) OnZ *, * is defined by
a*b = ab. Itis seen that for each a, b € Z +, there is a unique elementab in Z +.
This means that * carries each pair (a, b) to a unique elementa*b =abinZ +.
Therefore, * is a binary operation. (iii) On R, * is defined by a * b = ab 2. It is seen
that for each a, b € R, there is a unique element ab 2in R. This means that *
carries each pair (a, b) to a unique elementa * b = ab 2in R. Therefore, * is a
binary operation. (iv) On Z +, * is defined by a * b = |a — b|. [t is seen that for
each a,b € Z t, there is a unique element |a — b| in Z +. This means that * carries
each pair (a, b) to a unique elementa *b = |a — b| in Z +. Therefore, * is a binary
operation. (v) On Z *+, * is defined by a * b = a. * carries each pair (a,b) to a
unique elementa *b =ain Z +. Therefore, * is a binary operation.

Question 2. For each binary operation * defined below, determine whether * is
commutative or associative:

(i) OnZ, define a* b=a— b

(ii) On Q, define a* b=ab+ 1

(iii) On Q, define a* b=ab/2

(iv)On Z +, define a* b= 2 a

(v)OnZ+, define a* b=a?

(vi) On R — {—1}, define a.b =a/b+1

Solution: (i) OnZ, * is defined by a* b= a — b. It can be observed that 1 *2 =1
—2=1and2*1=2-1=1.~1*2+ 2*1;where 1, 2 € Z Hence, the operation
* is not commutative. Also we have: (1*2)*3=(1-2)*3=-1*3=-1-3=
—41*(2*3)=1*2-3)=1*-1=1-(-1)=2-(1*2)*3+1*(2*3);
where 1, 2, 3 € Z Hence, the operation * is not associative. (ii) On Q, * is defined
by a* b= ab+ 1.Itis known that: ab= ba&mnForE; a, beQ= ab+1=ba+1
&mnForE; a b€ Q= a* b= a* b &mnForE; a, b € Q Therefore, the operation * is
commutative. It can be observed that: (1*2)*3=(1x2+1)*3=3*3=3X3
+1=101*2*3)=1*2%x3+1)=1*7=1Xx7+1=8-(1*2)*3+1*(2
*3); where 1, 2, 3 € Q Therefore, the operation * is not associative. (iii) On Q, *
is defined by a* b= ab/2 It is known that: ab= ba &mnForE; a, b€ Q = ab/2 =
ba/2 &mn ForE; a, b€ Q= a* b= b* a&mnForE; a, b € Q Therefore, the
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(ab) operation * is commutative. Forall 4, b, c€ Q, we
(axb)*c= (ﬂ)*‘_ _\{2 J _abe  have:Therefore, the operation * is associative. (iv)

> . 4 OnZt,*isdefined by a* b= 2 . It is known

a" hc‘J that: ab= ba&mnForE; g bEZ += 2 av=
as(bc)= (,.(_’ﬁij __\2)_abe 2 pagmnForE; a,
2 2 4 peZ+=a*b=b* a&mnForE; a

b € Z + Therefore, the operation * is commutative.

It can be observed that:~.(1*2)*3#1*(2*3);
(1#2)#3=2""+3=443=2""=2"  where 1, 2, 3 € Z + Therefore, the operation * is
not associative. (v) On Z +, * is defined
by a* b= a?’. It can be observed that: 1 x2 =
12=1and2x1=21=2.1%*2+*2*1;wherel, 2 €Z+*Therefore, the operation
*is not commutative. It can also be observed
that:.(2*3)*4 #2*(3*4); where 2, 3,4
€ Z + Therefore, the operation * is not
2%(3%4)=2*%3" =2*8] = 2" associative. (vi) On R, * — {—1} is defined by

a.b =a/b+1 It can be observed that 1 x 2 =

1/241=1/2and2x1=2/1+1=2/2:1*2+2*1;wherel,2€R - {-1}
Therefore, the operation * is not
| commutative. It can also be observed that:..
RS e e T s (1*2)*3+1*(@2*3);wherel,2,3€R -
) {—1} Therefore, the operation * is not
1#(2#3)=1s——=1= = associative.

2 |
=

\ -

-

~(axb)*c=ax*(bxc)

Tul f e
2(223)=122" =22 = |+64=2%

(2¢3)24=2"24=804=8"=(2") =2"

Question 3. Consider the binary operation V on the set {1, 2, 3, 4, 5} defined by a
Vb = min {a, b}. Write the operation table of the operationv.

Solution : The binary operation V on the set {1, 2, 3, 4, 5} is definedasaVv b =
min {a, b} & mn For E; a,b € {1, 2, 3, 4, 5}. Thus, the operation table for the given
operation V can be given as:

\Y% 1 2 3 4 5
1 1 1 1 1 1
2 1 2 2 2 2
3 1 2 3 3 3
4 1 2 3 4 4
5 1 2 3 4 5

4. Consider a binary operation * on the set {1, 2, 3, 4, 5} given by the following
multiplication table. (i) Compute (2 *3) *4and 2 * (3 *4) (ii) Is *
commutative? (iii) Compute (2 * 3) * (4 * 5). (Hint: use the following table)
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* 1 2 3 4 5
1 1 1 1 1 1
2 1 2 1 2 1
3 1 1 3 1 1
4 1 2 1 4 1
5 1 1 1 1 5

Solution: (i) (2*3)*4=1*4=12*(3*4)=2*1=1 (ii) Foreverya, b €{1,
2,3,4,5}, we have a *b = b * a. Therefore, the operation * is commutative. (iii) (2
*3)=1land (4*5)=1-(2*3)*(4*5)=1*1=1

Question 5. Let*’ be the binary operation on the set {1, 2, 3, 4, 5} defined by a *' b
= H.C.F. of a and b. Is the operation *' same as the operation * defined in Exercise
4 above? Justify your answer. Solution : The binary operation *' on the set {1, 2, 3
4,5} is defined as a*' b = H.C.F of a and b. The operation table for the operation
* can be given as:

*! 1 2 3 4 5
1 1 1 1 1 1
2 1 2 1 2 1
3 1 1 3 1 1
4 1 2 1 4 1
5 1 1 1 1 5

We observe that the operation tables for the operations * and *' are the same.
Thus, the operation *' is same as the operation*.

Question 6. Let * be the binary operation on N given by a *b = L.C.M. of a and b.
Find (i) 5* 7, 20 * 16 (ii) Is * commutative? (iii) Is * associative? (iv) Find the
identity of * in N (v) Which elements of N are invertible for the operation *?
Solution : The binary operation * on N is defined asa *b = L.C.M. ofaand b. (i) 5
*7=LCM.of 5and 7=3520*16 = L.CM of 20 and 16 = 80 (ii) It is known
that: L.C.M of aand b = L.C.M of b and a &mnForE; a,b € N. ~.a*b =b *a Thus,
the operation * is commutative. (iii) For a, b, c € N, we have: (a *b) * ¢ = (L.C.M
ofaandb) *c=LCMofa,b,andca*(b*c) =a* (LCM of band c) = L.C.M of a,
b,and c ~(a*b) *c=a* (b * c) Thus, the operation * is associative. (iv) Itis
known that: L.CM.ofaand 1 =a=L.CM.1and a&mnForE;aeN=>a*1=a=
1 *a &mnForE; a € N Thus, 1 is the identity of *in N. (v) An elementain N is
invertible with respect to the operation * if there exists an element b in N, such
thata*b =e =Db *a. Here, e = 1 This means that: L.C.M ofaand b= 1 = L.C.M of
b and a This case is possible only when a and b are equal to 1. Thus, 1 is the only
invertible element of N with respect to the operation *.

Question 7. Is * defined on the set {1, 2, 3,4,5}bya*b=L.CM.ofaandba
binary operation? Justify your answer.
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Solution : The operation * on the set A ={1, 2, 3, 4, 5} is defined asa * b = L.C.M.
of a and b. Then, the operation table for the given operation * can be given as:

1 2 3 4 5
1 1 2 3 4 5
2 2 2 6 4 10
3 3 6 3 12 15
4 4 4 12 4 20
5 5 10 15 20 5

[t can be observed from the obtained tablethat: 3*2=2*3=6¢ A, 5*2=2%
5=10€A,3%4=4*3=12¢€A3*5=5*3=15¢€A,4*5=5%4=20¢A
Hence, the given operation * is not a binary operation.

Question 8. Let * be the binary operation on N defined by a * b = H.C.F. of aand b.
Is * commutative? [s * associative? Does there exist identity for this binary
operation on N?

Solution : The binary operation * on N is defined as: a * b = H.C.F. ofaand b It is
known that: H.C.F. of a and b = H.C.E. of b and a &mnForE;a,beN.~a*b=b*a
Thus, the operation * is commutative. For a, b, c € N, we have: (a * b)* c = (H.C.E.
ofaandb) *c=H.C.F ofa,b,and ca*(b * c)=a *(H.C.F. of band c) = H.C.F. of 3,
b,and c~(a*b) *c=a* (b *c) Thus, the operation * is associative. Now, an
element e € N will be the identity for the operation *ifa*e=a=e*a€a€N.
But this relation is not true for any a € N. Thus, the operation * does not have any
identity in N.

Question 9. Let * be a binary operation on the set Q of rational numbers as
follows: (i)a*b=a—b (iij)a*b=a2+b2(iij)a*b=a+ab(ivia*b=(a—
b) 2

(v)a*b=ab/4 (vija*b=ab?

Find which of the binary operations are commutative and which are associative.
Ans.
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(i) On Q the operation " is definedasa*b=a - b

[t can be observed that

P r 2 2 _B=3 Lol & 4 i Ao 1
53" 2 3 6 6 ™M 3'3TITTTT8 "o
1 1 1 } 1
-‘.._'_ AT el o h T
3373 3" ce
Thus, the operation * is not commutative.
It can also be observed that:
1 1y 1 _ 71 1y 1 _1 1 _1 1 2-3 -1
2 3 4 \2 3 4 6 4 6 4 12 12
i a4y ¥ 2 iy 2 ¥ % T B—=% B
2 \3 2Nl 44 F 2 2 13 O13 1

Thus, the operation * is not associative.

(i) On Q. the operation * is definedasa ™ b = e + be.
For a, b & Q, we have:

a-b=a’+b¥ =0+ a*=b-a

La*b=b%a

Thus, the operation * is commutative.

It can be observed that:

(12)%3 =(12 + 2273 = [(1+4)*3 = 3*F = 52+32= 25 + 9= 34
T*2*3N=17522+32) = 154+ =1"13 =12+ 132 =1 + 168 = 170
S (1%2)*3 = 1%(2*3) , where 1, 2,3 e Q
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It can be observed that

(17213 =(12 + 22)"3 = [1+4)*3 = 5"3 = 52+32=25+ 9 = 34
TH(223)=15(22+32) = 15(4+9) = 1%13 =12+ 132 = 1 + 169 = 170
A {1°2)*3 = 1%2*3), where 1,23 Q

Thus, the operation ™ is not associative,

(i} On Q, the operation s defined as @™ b = a + ab.
It can be observed that:
1:2=14+1x2=14+2=13
2-1=242x1=2+2=14

51242 lwherel, 2 € Q

Thus, the operation * is not commutative.

It can also be observed that:
(1:2)-3=(1+1x2)-3=3-3=3+3x3=3+9=12
1:(2-3)=1-(2+2x3)=1+1x8=9
S(1-2)-3#£1-(2-3)where1,2.3e 0

Thus, the operation * is not assaciative.

(iv) On Q the operation * is defined by o * b = (g - b).
Fora, b e Q, we have:

a*h={a-b?
b*a=({b-aP=[-(a-b)=(g-b

~a"b=b"ag

[ CLASS XII ]
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Thus, the operation * is commutative.

It can be observed that:
(1-2)-3=(1-2)%-3=(-1)*-3=1-3=(1-3)"=(-2)" =4
1-(2-3)=1-(2-3*=1-(-1)’=1-1=(1-1)*=0

S (1-2)-3#1-(2-3)where 123 €Q

Thus, the operation * is not associative.

ab
On Q, the operation * is defined asa - b = v

Fara, b € Q, we have:

ab @
ﬂ-'b—T—hE—b'ﬂ
rg*h=b*a

Thus, the operation * is commutative.

Fora, b, c € Q, we have:

ab —— i abc
Tb . e — = 4 =
(o-l)e=— ¢ 4 16
bc
o a. — abc
= b- e -b— et —y
& {h-cf=e-bg 4 16

=sf@a*b)*c=a*(b*c)

Thus, the operation * is associative.
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(vi) On Q, the operation * is defined as a * b = ab?

It can be abserved that

i1 171N 11 1
g3 2 \8) 29 18
GO PR i o O O O |
3’2 3°\2) 3212
3 T I 11

At ForowWer o, €
2 3 7 3 2 2°3 @
Thus, the operation * is not commutative.

It can also be observed that

T O e T T P 2
28 4 |2°\3 4 18 4 18'\4) " 18x18

1
4
| s 1 LT -1 1 I
Sl —=F | == | where —, —, 14 &
(2 3) 4#2(3 4)”“23 Q
Thus, the operation * is not associative.

Hence, the operations defined in (i), (iv), (v) are commutative and the operation defined in (v) is associative.

10. Find which of the operations given above has identity.
Solution : Let the identity be L.

An element e € Q will be the identity element for the operation * if
a*e=a=e%*a, VaeqQ

We are given
a*b=ab4

= g%e = g=aed=a= e=4

Similarly, it can be checked for e*a=a, we get e=4 Thus, e = 4 is the identity

Question 11. Let A= N X N and * be the binary operation on A defined by (a, b) *

(¢, d) = (a + ¢, b + d) Show that * is commutative and associative. Find the
identity element for * on A, if any.
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Solution: A =N X N *is a binary operation on A and is defined by: (a, b) * (¢, d)
=(a+cb+d)Let(ab),(c,d) € AThen,a,b,c,d €N We have: (a,b) *(c,d) =
(@a+c¢,b+d)(c,d)*(a,b)=(c+ad+b)=(a+cb+d)[Addition is
commutative in the set of natural numbers] -.(a, b) * (c,d) = (c,d) * (a, b)
Therefore, the operation * is commutative. Now, let (a, b), (c, d), (e, f) €A Then, a,
b, c,d, e, f € N We have:

((a,d) - (c,d))- (e, fl=(a+c,b+d)-(e,f)=(a+c+e,b+d+ f)

(a,b)-((c,d) - (e, ) = (a,b) - (e+e,d+ fl=(a+c+e,b+d+ f)

2 ((a,8) - (e d)) - (e: f) = (a,B) - (e, d) - (e: f))

Therefore, the operation * is associative.

An element e = (e, ep) will be an identity element for the operation * if

a'e —a=e"aVa= (aj,a3) € A

.ie.(ay + ey, a9 + e2) = (ay, aa) = (1 + a4, €2 + @a) which is not true for any element in A,
Therefore, the operation * does not have any identity element.

which is not true for any element in A,

Therefore, the operation * does not have any identity element.

Question 12. State whether the following statements are true or false. Justify. (i)
For an arbitrary binary operation *onasetN,a*a=a Va*N. (ii) If *is a
commutative binary operation on N, thena* (b*c) =(c*b) *a

Solution : (i) Define an operation *on Nas:a*b=a+b a,b € N Then, in
particular, for b=a =3, we have: 3 *3 = 3 + 3 = 6 # 3 Therefore, statement (i)
is false. (ii) RH.S. = (c*b) *a = (b *c) *a [* is commutative] =a * (b * ¢) [Again,
as * is commutative] = L.H.S. - a * (b * ¢) = (c * b) * a Therefore, statement (ii) is
true.

Question 13. Consider a binary operation * on N definedasa*b=a3+ b 3.
Choose the correct answer. (A) Is * both associative and commutative? (B) Is *
commutative but not associative? (C) Is * associative but not commutative? (D)
Is * neither commutative nor associative?

Solution : On N, the operation * is defined asa*b =a 3+ b 3. For, a, b, €N, we
have:a*b=a3+b3=Db3+ a3=Db*a[Addition is commutative in N] Therefore,
the operation * is commutative. It can be observed that: (1*2)*3 = (13+23)*3 =
9*3=93+4+33=729+ 27 =756 Also, 1*(2*3) =1*(23433) =1*8+27) =1
Xx35=13+4+353=1+4(35)3=1+42875=42876.~(1*2)*3+1*(2*3);
where 1, 2, 3 € N Therefore, the operation * is not associative. Hence, the
operation * is commutative, but not associative. Thus, the correct answer is B.
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